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Local Linearity and Tangent Lines

This week we will zoom in on graphs of functions to explore the "local linearity" property. Then we will find and graph tangent lines.

Example 1

Consider the function f(z) = 21In(z). Here is a typical graph:

f(x)=2*1n(x)
plot(f,xmin=0,xmax=10)

What happens when we zoom in on a particular point? What does the graph look like? For example, let's zoom in on the point (17 0).

plot(f,xmin=.9,xmax=1.1)
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On the first graph above, it is easy to see that the graph is not straight, but when we zoom in the curvature is much harder to see. Let's zoom in once more:

plot(f,xmin=.99,xmax=1.01)
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When we are this close to the graph of f, it appears that the graph is a straight line. We know this is not the case, but very close to the point (1, 0) the graph
almost a line. This is called the local linearity property. Not every function has this property, but there are many important functions that do have this property.

Example 2

Consider the graph of g(z) = cos(z) near the point (0, 1).

In the animation below, we will zoom in on this graph near this point. Note that both the x- and y-axes will change to maintain the scale.
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It appears that the graph of cos(z) has the local linearity property at (0, 1).

Example 3

Now let's consider the graph of h(z) = |z| near the point (0, 0).

plot(abs(x),xmin=-.01,xmax=.01,ymin=0,ymax=.02) #I have adjusted the ymin and ymax again to keep the scales the same
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For this function, it does not matter how much you zoom in. You will always get a sharp corner, never a straight line. This is an example of a function that doe
not have the local linearity property at a point. [Note: this function does have the local linearity property at every other point on the graph - it's already a straigh
line everywhere else.]

From what we've seen above, it's safe to conclude that graphs alone are not sufficient for determining local linearity (depending on the viewing window, the
picture can look very different). We want an algebraic way of determining local linearity.

Tangent Lines

If a function f has the local linearity property at a particular point (2, f(xg)), then the graph of f looks like a line near that point. But which line does it look
like?

The line that f is "close to" at (zg, f(xo)) is called the "tangent line" at that point, and the point (z, f(z)) is called the "point of tangency." In order to finc
the equation of a line, we need two pieces of information, either two points on the line or one point on the line and the slope of the line. We know one point on 1
tangent line: (:co, f(mo )) We don't know a second point on the tangent line, but we can find the slope of the tangent line.



First, we will approximate the slope of the tangent line by choosing a second point close to (a:o, f(a:g)). Say the distance away from z is h, then the secon
point is (z9 + h, f(xg + h)) . We'll find the slope of the line through these two points (called a "secant line").

Here is a sample graph.
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Now we will improve our approximation by making k closer and closer to 0, moving (z¢ + h, f(zo + h)) closer to (zg, f(zo)).

This process sounds like a limit, so that's how we'll find our answer. The slope of the secant line through (29 + h, f(zq + h)) and (zq, f(zo)) is
fl@o+h)— f(zo) _ fl@o+h)— f(zo) (tise over run).
T +h— 2o h

zo+h)— f(z
We want to know what happens to this slope as h approaches (. In limit notation, we want to find ’llim M.
—0

If the function f has the local linearity property at (zg, f(mo)), then this limit will exist (and conversely). The value of this limit is the slope of the tangent line.

Now that we have a point on the line and the slope of the line, we can find the equation of the line. Remember point-slope form?

Point-Slope Form of a Line: y — yo = m - (z — ) , where m is the slope and (z, yo) is a point on the line.

fwo +h) = flzo)
B —

In this case, (zg, Yo) = (2g, f(zg)) and m = lim
h—0
Therefore, an equation for the tangent line is y — f(xq) = m - (x — x9) . Adding f(zg) to both sides produces:

Equation for the Tangent Line at * = x:

y= f(zo) + m- (z — x0),

where m = lim M )
h—0 h

This is a general formula for finding an equation for the line tangent to the graph of f at the point (zg, f(zg))-

Example 4

To see how secant lines approach the tangent line graphically, let's look at the animation below.

You will see secant lines for the curve f(z) = 21n(z) through the point (z¢, f(zo)) = (1,0) and (zo + h, f(zo + h)) , where h starts at 1 and approact
0.
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You can see that the secant lines (in green) approach the tangent line (in red) as h approaches 0.

Now A can also be negative, so we'll also look at secant lines when A starts at —% and approaches (.

Note: We can't start at h = —1, since that gives us £y + h = 0, which is not in the domain.
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Once again, the secant lines approach the tangent line as h approaches 0.

Example 5

Now consider f(z) = cos(z) and (zo, f(z¢)) = (0,1). We'll start at h = 1 and let h approach 0.
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Now we'll start at h = —1 and let h approach 0.
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Whether h approaches ( from the left or right, the secant lines approach the tangent line.

Example 6 (your assignment is like this example)

Now let's find the equation of the line tangent to the graph of f(z) = 21n(z) at the point (1, 0).

fa+h) - 1)
- :

First, we need the slope. As we saw above, the slope is }llim
—0

%var h
9 || f(x)=2*1n(x)
10 | 1limit((f(1+h)-f(1))/h,h=0) #Don't forget parentheses around the numerator

2

So the slope is 2.

Now use the equation of a tangent line: y = f(z9) +m - (z — zo) -

11§ TL(x)=F(1)+2*(x-1) #I'11 use TL for "tangent line"
12 | show(TL(x))
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Now I'll plot the function and the tangent line.

plot (f(x),xmin=0,xmax=2)+plot(TL(x),xmin=0,xmax=2,color="red")+point((1,f(1)),color="black',pointsize=20)
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Example 7

Now let's try to find the tangent line to g(z) = |z| at (0, 0). We saw above that this function does not have the local linearity property here, so something
should go wrong.

0O+h/ —|0
Let's try to calculate the slope: m = lim M .
h—0 h

We find that the limit does not exist (Sage returns "und").

%var h
g(x)=abs(x)
limit((g(e+h)-g(8))/h,h=0)

und

Notice that the one-sided limits exist but are not equal:

S R
im ———— = lim — = lim — =
h—0" h =0t h =0t h

. |0+A[—J0] . |B[ . —

lim ————— = lim — = lim — = -1
hlj%)l h hgg h hgf)l h

So the two-sided limit does not exist.

If we try to find the slope at any point other than = 0, it works fine. Let's use (—5, 5).

. |—5+h|—]-5]
m=1lim —
h—0 h
%var h

limit((g(-5+h)-g(-5))/h,h=0)

-1

Now we see the slope of the tangent line is —1, so the tangent line has equation y = g(—5) + (—1)(z — (—5)) =5— (¢ +5) ,ory = —=x.
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TL(x)=g(-5)+(-1)*(x-(-5))

show(TL(x))
—
Now I'll plot the function and the tangent line.
plot(g(x),xmin=-10,xmax=10)+plot(TL(x),xmin=-10,xmax=10,color="red"',linestyle="--")+point((-5,g(-5)),color="black',pointsize=:
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