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Taylor Series

Definition: A power serfes centered at z = a is a seres of the form

Sle-@—ayl=atea-@-ate @+

where a and allthe c; are constants
Notice that a power series is a function of . The domain s all values of & for which the serles converges. There is always at least one number in the domain, namely a.

‘You can think of a power serles as a polynomial with (possibly) infnite degree.

One of the nice things about power series is that i's easy o differentiate and integrate them. Just like regular polynomials, you can take the derivative o integral of each term first, and then
2dd up the resuts.
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Example 1

A withz as a ‘a power seres (a = 0 and ¢; = c for all i)

We know when this series converges and what it coverges to:

provided that —1 < z < 1
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Taylor Series
“This raises the question of whether other functions are equal to the sum of a power series (at least for part of their domains).

In other words, given a function /(). can we find ¢; so that

—ay]

@) =3
=

for some interval of x-values?

“This process of representing a function by a power series is called "expanding® the function into a series. The power series you get s called a Taylor series expansion of £(z), after
mathematician Brook Taylor (1685-1731).

Expanding functions into Taylor series and differentiating and integrating the series had a number of applications back then. For example, you can use Taylor Seres to approximate the.
values of numbers like 7 and e. Or consider the logarithmic and trigonometric functions. These are often difficult to calculate, but if you expand these into Taylor series, then you can
‘approximate values of these functions using only polynomials (and polynomials only require arithmetic to calculate).

Fortunately, finding the right power series to represent a function is fairy straightforward, as long s the function is repeatedly differentiable. The secret is to find derlvatives of every order
and evaluate them at z = a

Suppose f(z) = 3" [eq - (2 — )", take the m" dervative, and plug in 2
=
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Foralln < m. T [c, - (z ~ a)"| = 0. so when you piug in = a it stil 0.
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Finally, when n = m, # len- (z—a)"] = nl-cy

Puting this all together, we see that £ (a) = m! - ¢,,

£70)

Therefore, ¢, =
m!

Conclusion: If a function f(x) with derivatives of every order may be represented by a power seies centered at @ = a on some interval I, then that power series is
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where the series converges on the interval I

Notice the if*in the last sentence. There are funcions that are not equal to the sum of their Taylor series, even if the We are not going inthis
Iab,

Example 2
Find the Taylor series of () = * centered at z = 0 (Taylor series centered at 0 are aiso called Maclaurin series)

We know f(")(z) = f(z) = € in this case. Since e” = 1, we have £(")(0) = 1 forall n.

1
Ths, ¢ = —
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If ¢ equals the sum of its Taylor series, then ¢” Z — - For this particular function, the Taylor series converges for all z, and e does equal the sum of the series (take my word for )
u

Taylor Polynomials

n i)
“The partial sums of a Taylor seres are actul polynomials, called Taylor polynomials. In ther words, the Taylor polynomial of degree . is /—'“)u —a)y
l
=

We ate a Taylor series of by using a poly of

Note: I f() . then this polynomial wil actually have degree less than m.

Notice that IheTayIarDc\ynnm\a\(ﬂﬂeQ@eﬂsi%(z a)" *(r a) + w-u a)' = f(a) + f'(a)(z @)

Does tis look familiar? It should! This is an equation for the tangent ine o at a. I other words, Taylor polynomials are generalizations of the tangent ine o higher degree polynomials
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Also note that the Taylor polynomial of degree 2is fo")(z —a) =

L)]_(") (a—a)’ + —/“L(“) Sz-a) + —fm;!(") (z—a) =
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“This is the formula we used for Quadratic Approximation in Calc 1.

Example 3
We will use Taylor polynorials o approximate the value of ¢. We saw above that ¥ = 3~ =
nl
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The Taylor polynomial of degree m is ; i tg gt
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Soe ~ 1o T+ %o o The appovimation improves a5 m ncrosses.
!

1.1
fweplginz = L wegete < 1+1+ 5+ e

Let's approximate the value of ¢

8 [ %euto
o | xvar n
10 | @interact
11| def _(m=input_box(1,1abel="Degree of Taylor polynomial’,widtl
12| print "app N(sun (1 2n,0,m) digits=
13 print "Actual value N(e,digits=38)

Degree of Taylor polynomial

tual value = 2. 1

How big must m be so that our approximation is correct for al the decimal places shown?

Let's look at some graphs.

() = ¢* is plotted in black, along with three Taylor polynomials (blue = degree 2, green = degree 3, red = degree 4)

14| wvar o
15 [ pr0t(sun(xenactorial(n),n,0,2), xmine-1, xnaxed, color="blue"  Legend_label="degree 2*)4plot(sun(xAn/factorial(n) ,0,3),knine-1, xnax<i,color="green’ legend_label="degree 3')4plot(sun(x*n/actorial(n),n,0,&),xmine-1, naxel, color="red" legend_label="degree 4°)4plot(ens,kmine-1, xnaxl,ymax=e, color="black", Legend_label='$enxs)
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Nolicethat the higher the degro the btte he approximation
Now try xmin=-10; xmax=10; ymax=1000
16| wvar o
17 | plot(sun(x*n/factorial(n),n,@,2),xmin=-18, xmax=18, color="blue’,legend_labe] legree 2" ). (= lor="green’,legend_label="degree 3')+plot(sum(: (n) in=-10, (= 1 ed’, legend_label="degree 4')+plot(e~x,xmin=-16, xmax=10,ymax=1068,color="'black",legend_label="$e"x$")
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Notice that the Taylor polynomials are better approximations the closer you get to the center of the expansion (in this case & = 0), just like the tangent line is a better approximation the
closer you get o the pnt oftangency.
In the animation below, we see taylor polynomials of increasing degree (in biue) plotted with () = ¢* (in black)
18 | xauto
19 | s=[]
20 | taytorpory-1
21 | peptot(enc, -5, 15, ynine-166, ynaxe1se6, cotor="black')
22 | for n in [1..18]:
23| taytorpolysexsnsfactoriatn)
24 p+plot (taylorpoly,-5,15)]
25 | a=animate(s)
26 | show(a,delay=50)
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We can use Sage to calculate Taylor polynomials using the "taylor” command. This command takes four arguments: the expression or function to expand, the variable of expansion, the
‘center of the expansion, and the degree of polynomial you want.

Example 4

Use Sage to find the 10th-degree Taylor polynomial centered at @ = 0 for f(x) =

show(taylor(e"x,x,8,16))
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Example 5

Find the 15ih-degree Taylor polynamials of sin(z) centered al 2 = 0, 2 = —, and z = 7.

2t | hmutrmstancatntn v a1
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show(taylor(sin(x),x,-pi,15))

-+ ;(14»1)'5 - ;(14»1)“ + ;(14»1)" _——
1307674368000 6227020800 39916800 362880
(r40) + g (ra) = o mt ) + g (ra)
show(taylor(sin(x),x,pi,15))
RN SRS SN SUN A SIS SUY S| SN S
Taoreraseson "~ * azmozoso0 ")~ gagreson ") Fgasw0

(r—a)" (r-2)"+ 335 (r-2)" — G (=) =

" 5010 120

Notice that some of the coefficients (the c; ) are O in this example.

Example 6

Find the Taylor polynormials of cos(z) centered at z = 0 of degrees 5, 10, and 15.

show(taylor(cos(x),%,0,5))

show(taylor(cos(x),x,,16))
show(taylor(cos(x),%,0,15))

Example 7

Find the 10th-degree Taylor polynomial centered at z = 0 of /() =

var ¢
show(taylor(c/(1-x),,0,10))

ez +ea® +er® +ea’ +eat +er’ texl fert +ead ferte

Here's a graph of this one for ¢

plot(taylor(1/(1-x),%,,10))4plot (1/(1-x), color="black" ,ynax=6,ynin=0)
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